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Abstract
This paperproposesa conceptuallysimple and computa-
tionally ef�cient fundamentalfrequency (F0) estimatorfor
polyphonicmusicsignals. The studiedclassof estimators
calculatethe salience,or strength,of a F0 candidateas a
weightedsumof theamplitudesof its harmonicpartials.A
mappingfrom theFourierspectrumto a “F0 saliencespec-
trum” is foundby optimizationusinggeneratedtrainingma-
terial. Basedon the resultingfunction, threedifferentesti-
matorsareproposed:a “direct” method,aniterativeestima-
tion andcancellationmethod,anda methodthat estimates
multiple F0sjointly. The latter two performedaswell asa
considerablymorecomplex referencemethod.Thenumber
of concurrentsoundsis estimatedalongwith theirF0s.

Keywords: F0estimation,pitch,musictranscription.

1. Intr oduction
Pitch informationis anessentialpartof almostall Western
music,but extractingthe pitch contentautomaticallyfrom
recordedaudiosignalsis dif�cult. Whereasthespectrogram
of a musicsignalcanbecalculatedstraightforwardly using
theshort-timeFourier transform,computinga “piano roll”-
representationwhich shows polyphonicpitch contentas a
functionof time is non-trivial, andsystemstrying to do this
tendto beverycomplex.

F0 estimationin polyphonicmusic hasbeenaddressed
by many authors.Kashinoextractedsinusoidtracksfrom a
musicsignalandgroupedthemto soundsourcesbasedon
acousticfeaturesandmusicalinformation[1]. DeCheveigńe
[2], TolonenandKarjalainen[3], andKlapuri [5] proposed
methodsbasedonmodelingthehumanauditorysystem.Goto
[6] andDavy andGodsill [7] employeda parametricsignal
modelandstatisticalmethods.Smaragdis[8] andAbdallah
[9], proposedunsupervisedlearningtechniquesto resolve
soundmixtures,andPolinerandEllis [10] introducedaclas-
si�cation approachto theproblem.

Herewe studya certaintypeof F0 estimators,wherean
inputsignalis �rst spectrally�attened(“whitened”) in order
to suppresstimbral information, and then the salience, or
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strength,of a F0 candidateis calculatedasa weightedsum
of theamplitudesof its harmonicpartials.Moreexactly, the
saliences(τ) of aperiodcandidateτ is calculatedas

s(τ) =

M
∑

m=1

g(τ,m)|Y (fτ,m)|, (1)

wherefτ,m = mfs/τ is thefrequency of them:th harmonic
partial of a F0 candidatefs/τ , fs is thesamplingrate,and
function g(τ,m) de�nes the weight of partial m of period
τ in the sum. Y (f) is the short-timeFourier transformof
thewhitenedtime-domainsignal.1 Thespectralwhitening
is a straightforward pre-processingoperationexplainedin
Sect.2.1. For convenience,we write s(τ) asa function of
thefundamentalperiodτ insteadof theF0 (= fs/τ ).

Thebasicideaof (1) is intuitively appealingsincepitch
perceptionis closelyrelatedto thetime-domainperiodicity
of sounds,andtheFouriertheoremstatesthataperiodicsig-
nal canbe representedwith spectralcomponentsat integer
multiplesof theinverseof theperiod.Indeed,formulasand
principlesresembling(1) have beenusedfor F0 estimation
by a numberof authors,underdifferentnamesandin dif-
ferentvariants.Alreadyin 1960sand70s,Schroederintro-
ducedthe frequency histogram andNoll the harmonic sum
spectrum (see[11, p.414]).DeCheveigńe[2] discusseshar-
monic selection methodsand,morerecently, Walmsley [12]
usesthenameharmonic transform for asimilar technique.

Thequestionof anoptimalmappingof theFourierspec-
trum to a “F0 saliencespectrum”is closelyrelatedto these
methods.Here,the functiong(τ,m) is learnedby a brute-
forceoptimizationusingalargeamountof trainingmaterial.
Basedon this,aparametricform is proposedfor g(τ,m).

In this paper, threedifferent methodsbasedon (1) are
proposed.The�rst andsimplestis a “direct” methodbased
onevaluatings(τ) for arangeof valuesof τ andpickingthe
desirednumberof highestlocal maximain it. The second
methodrepresentsan iterative estimationandcancellation
approach,wherethe maximumof s(τ) is usedto estimate
oneF0 which is thencancelledfrom themixturebeforees-
timating the next one. The third methodestimatesall F0s
jointly. For thelatter two methods,a techniqueis proposed
for estimatingthe numberof soundsin the mixture. The
iterative methodadmitsa very fast implementationwhich

1 Defining s(¿) in terms of the power spectrum instead of the magnitude
spectrum would have certain analytical advantages, but this led to clearly
inferior F0 estimation results despite of extensive investigation.
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Figure1. ResponsesH b(k) applied in spectralwhitening.

doesnot requireevaluatings(τ) for all periodcandidatesτ .
Thethreemethodsareevaluatedusingmixturesof musical
instrumentsounds,andtheresultsarecomparedwith three
referencemethods[3], [4] and[5].

2. Proposedmethods
Thissectiondescribestheproposedmethodsin detail.

2.1. Spectralwhitening
Oneof the big challengesin F0 estimationis to make sys-
temsrobust for differentsoundsources.A way to achieve
this is to try to suppresstimbral informationprior to theac-
tualF0estimation.Thiscanbedoneby estimatingtherough
spectralenergy distribution (which largely de�nes the tim-
bre of a sound)and then �attening it entirely or partly by
inverse�ltering. This processis calledspectralwhitening
andthereareseveral waysof doing it (seee.g. [3]). Here
a frequency-domaintechniqueis employedwhich is easyto
implementandleadsto goodresultsin practice.

First, the discreteFourier transformX(k) of the input
signalx(n) is calculatedin ananalysisframethatisHanning-
windowed and zero-paddedto twice its length beforethe
transform. Thena bandpass�lterbank is simulatedin the
frequency domain. Centerfrequenciescb [Hz] of the sub-
bandsaredistributeduniformly on the critical-bandscale,
cb = 229 × (10(b+1)/21.4 − 1), and eachsubbandb =
1, . . . , 30 hasa triangularpower responseHb(k) that ex-
tendsfrom cb−1 to cb+1 andis zeroelsewhere(seeFig. 1).

Standarddeviationsσb within thesubbandsb arecalcu-
latedby applyingtheresponsesHb(k) in thefrequency do-
main:

σb =

(

1

K

∑

k

Hb(k)|X(k)|2

)1/2

, (2)

whereK is thelengthof theFouriertransform.Next, band-
wise compressioncoef�cients γb = σν−1

b are calculated,
whereν = 0.33 is a parameterdeterminingthe amountof
spectralwhiteningapplied.Thecoef�ents γb arelinearly in-
terpolatedbetweenthecenterfrequenciescb to obtaincom-
pressioncoef�cients γ(k) for all frequency binsk.

Finally, awhitenedspectrumY (k) isobtainedbyweight-
ing thespectrumof theinput signalby thecompressionco-
ef�cents, Y (k) = γ(k)X(k).

2.2. Calculation of the saliencefunction in practice
Calculationof s(τ) using (1) directly requiresevaluating
Y (f) for arbitraryfrequenciesf which is computationally

inef�cient. Useof the fastFourier transformbecomespos-
sibleby replacingY (f) in (1) by its discreteversionY (k)
andby approximatings(τ) by

ŝ(τ) =

M
∑

m=1

g(τ,m) max
k∈κτ,m

|Y (k)|, (3)

wherethesetκτ,m de�nes a rangeof frequency bins in the
vicinity of the m:th overtonepartial of the F0 candidate
fs/τ . Moreexactly,

κτ,m = [〈mK/(τ +∆τ/2)〉, . . . , 〈mK/(τ−∆τ/2)〉], (4)

where〈·〉 denotesroundingto thenearestinteger. It is clear
that ŝ(τ) ≈ s(τ) when∆τ → 0. In practice,however, it is
usefulto set∆τ accordingto the spacingbetweensucces-
sive periodcandidatesτ in orderto ensurethatall spectral
componentsk belongto the rangeκτ,m of at leastonepe-
riod candidateτ whenm is �x ed. Herewe usethe value
∆τ = 0.5, that is, thespacingbetweenfundamentalperiod
candidatesτ is half thesamplinginterval.2

2.3. Optimization of the weight function
A remainingtaskis to optimizethefunctiong(τ,m) soasto
minimizetheF0estimationerrorrateof thesystem.For this
purpose,we generatedtraining materialconsistingof ran-
dom mixturesof musicalinstrumentsoundswith their ref-
erenceF0 data.Thedatabasefrom which thesampleswere
drawn is describedin moredetail in Sect.3. Themixtures
were generatedby �rst allotting an instrumentand then a
randomsoundfrom its playingrange,limiting F0sbetween
40 Hz and2100Hz. This two-stagerandomizingwasre-
peateduntil thedesirednumberof soundswasobtained,and
thesoundswerethenmixedwith equalmean-squarelevels.
One thousandmixturesof one, two, four, and six sounds
weregenerated,totalling4000traininginstances.

F0 estimationwasperformedsimply by pickingP high-
estlocal maximain the function ŝ(τ). The numberof F0s
in eachmixture,P , wasgivento theestimatoralongwith a
93 ms analysisframe. Multiple-F0 estimation error rateis
de�ned astheproportionof referenceF0sthatwerenotcor-
rectly found. In predominant-F0 estimation, the task is to
�nd only oneF0in eachmixture. In thiscase,themaximum
of ŝ(τ) wastaken andjudgedcorrectif it matchedany of
thereferenceF0sin themixture.A correctF0 estimatewas
de�ned to deviatelessthan3% from thereference.Thecri-
terion to beminimizedin theoptimizationwastheaverage
of multiple-F0andpredominant-F0estimationerrorratesin
differentpolyphonies.

Two differentfactorizedformsof g(τ,m) werestudied:

g(τ,m) = g1(τ)g2(m), (5)

g(τ,m) = g1(τ)g3(fτ,m). (6)

2 In Sect. 2.4 where the fast algorithm is presented, the sampling of ¿
has only minor effect on computational efficiency, and therefore very dense
sampling can be implemented. In practice, ¢ ¿ = 0:5 suffices.



Reducingthe two-parameterfunction g(τ,m) to a product
of two marginal functionsmakestheoptimizationtaskeas-
ier andis likely to leadto a resultthatgeneralizesbetterto
previouslyunseentestcases.

Let us�rst considertheform givenby (5). Thefunction
g1(τ) wasparametrizedby interpolatingbetweenten “an-
chor points” which weredistributed roughly asa geomet-
ric seriesbetweenthe fundamentalfrequencies30 Hz and
2500Hz. Similarly, the function g2(m) wasparametrized
by distributing ten anchorpointsasa geometricseriesbe-
tweenthe 1st and 21st harmonic,and the function g2(m)
wasthenlinearly interpolatedbetweenthese.Theoptimiza-
tion wasdoneby initializing the amplitudesof the anchor
pointsto unity valuesandthenupdatingthemcyclically, one
at thetime,soasto minimizetheF0estimationerrorrate.

Figure2 shows the learnedfunctionsg1(τ) andg2(m),
togetherwith theresultingF0 estimationerrorrates(for the
training data). The found shapeof g1(τ) is moreor lessa
linear function of F0 (that is, fs/τ ), whereasg2(m) con-
verged roughly to the 1/m shape,however with smaller
weightsfor thelowesteven-numberedharmonics(seeFig.2).
Thepredominant-F0estimationaccuracy is good,but multi-
ple-F0estimationleavesroomfor improvement.

Optimizationfor the factorizationin (6) was donein a
similarmanner. Thefunctiong3(fτ,m) wasparametrizedby
interpolatingit linearly between13 anchorpointsthatwere
distributedroughlyasageometricseriesbetween30Hz and
7 kHz. Theoptimizationwasagain carriedout by updating
theamplitudesof theanchorpointscyclically, oneata time,
so as to minimize the F0 estimationerror rate. The best
resultwasobtainedby startingthe optimizationfrom con-
�guration g(τ,m) = 1/m, which is obtainedby initializing
theanchorpointsasg1(τ) = fs/τ andg3(fτ,m) = 1/fτ,m.

Figure3 showsthelearnedfunctionsg1(τ) andg3(fτ,m),
andtheresultingF0 estimationerrorrates.As canbeseen,
thefunctionsg1(τ) andg3(fτ,m) do not drift very far from
their initial shape,andtheerror ratesareaboutthesameas
thoseachieved with the previous factorization. The latter
form (6) is interesting,becauseit allows a simple imple-
mentationwherethe spectrumY (k) is �rst �ltered using
the responseg3(fτ,m), then ŝ(τ) is computedwithout any
weights,andin theendŝ(τ) is weightedwith g1(τ).

Thelatterfactorization(6) wastakeninto use.To getrid
of thelargenumberfreeparameters(theanchorpoints),the
functiong1(τ) is modeledasa linearfunctionof fundamen-
tal frequency, g1(τ) = fs/τ + α, andthefunctiong3(fτ,m)
is modeledasan inverseof the frequency fτ,m anda mod-
erationtermβ, g3(fτ,m) = 1/(fτ,m + β). Thedashedlines
in Figure 3 show the modeledfunctions. As a result, the
functiong(τ,m) canbe�nally writtenas

g(τ,m) =
fs/τ + α

mfs/τ + β
, (7)

wheretheparametersα andβ aregivenin Sect.3.
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Figure 2. The learned functions g1(¿) and g2(m) are shown in
the left and the middle panels,respectively. For clarity , g1(¿)
is drawn as a function of F0 (f s=¿) instead of ¿. The right
panel shows the resulting error rates for multiple-F0 estima-
tion (black) and predominant-F0estimation (white).
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Figure3. The learned functions g1(¿) and g3(f τ,m) are drawn
with a solid line in the left and the middle panels,respectively.
The dashedlines show the correspondingparametric models.
The right panel shows F0 estimation error rates before the
parametric modeling.

2.4. Iterati veestimationand cancellation

The“direct” F0 estimatordescribedabove suffers from the
problemthatasingleF0in asoundmixtureproducesseveral
peaksto ŝ(τ), andalthoughthemaximumof ŝ(τ) is arobust
indicatorof oneof thetrueF0s,thesecondor third-highest
peakis oftendueto thesamesoundandlocatedat τ that is
half or twice thepositionof thehighestpeak.

Multiple-F0 estimationaccuracy canbe improvedby an
iterativeestimationandcancellationschemewhereeachde-
tectedsoundis cancelledfrom the mixture and ŝ(τ) is up-
datedaccordinglybeforeestimatingthenext F0. Thebasic
cancellationmechanismdescribedhereis similarto thatpre-
sentedin [5], exceptthatherea fastalgorithmis described
for �nding the maximumof ŝ(τ) and a techniqueis pro-
posedfor estimatingthenumberof soundsin themixture.

Let us �rst look at anef�cient way of �nding themaxi-
mumof ŝ(τ). Somewhatsurprisingly, theglobalmaximum
of ŝ(τ) andthecorrespondingvalueof τ canbefoundwith
a fastalgorithmthatdoesnot requireevaluatingŝ(τ) for all
τ . This is anothermotivationfor theiterativeestimationand
cancellationapproachwhereonly the maximumof ŝ(τ) is
neededateachiteration.

Let us denotetheminimumandmaximumfundamental
period of interestby τmin and τmax, respectively, and the
requiredprecisionof samplingτ by τprec. A fast search
of themaximumof ŝ(τ) canbeimplementedby repeatedly
splitting therange[τmin, τmax] into smaller“blocks”, com-
puting an upperboundfor the saliencewithin eachblock
q, smax(q), andcontinuingby splitting the block with the



Algorithm 1: Fastsearchof themaximumof ŝ(τ)

Q← 1; τlow(1)← τmin; τup(1)← τmax; qbest ← 1;1

while τup(qbest)− τlow(qbest) > τprec do2

# Split thebestblockandcomputenew limits3

Q← Q + 14

τlow(Q)← (τlow(qbest) + τup(qbest))/25

τup(Q)← τup(qbest)6

τup(qbest)← τlow(Q)7

# Computenew saliencesfor thetwo block-halves8

for q ∈ {qbest, Q} do9

Calculatesmax(q) usingEquations(3)-(4)10

with g(τ,m) = fs/τlo w (q)+α
mfs/τup (q)+β

τ = (τlow(q) + τup(q))/2
∆τ = τup(q)− τlow(q)11

end12

# Searchagain thebestblock13

qbest ← arg maxq∈[1,Q] smax(q)14

end15

Returnτ̂ = (τlow(qbest) + τup(qbest))/2
ŝ(τ̂) = smax(qbest)16

highestsmax(q). Let usdenotethenumberof blocksby Q
and the upperand lower limits of block q by τlow(q) and
τup(q), respectively. Index of thehighest-salienceblock is
denotedby qbest. Thealgorithmstartswith only oneblock
with upperandlower limits at τmin andτmax, andthenre-
peatedlysplitsthebestblock into two halves,asdetailedin
Algorithm 1.3 As a result, it givesthe maximumof ŝ(τ)
andthecorrespondingvalueof τ .

Onlines13–14of thealgorithm,in orderto obtainanup-
perboundfor thesaliencês(τ) within range[τlow(q), τup(q)],
Equation(3) is evaluatedusingthegivenvaluesfor g(τ,m),
τ , and∆τ . Splitting a block lateron canonly decreasethe
valueof smax(q) whencomputedfor thenew block-halves.

Algorithm 1 is importantfor two reasons.First, it allows
searchingthe maximumof ŝ(τ) ef�ciently even when the
requiredsamplingdensityof τ is very high. Secondly, in-
creasingthesamplingdensityof τ hastheconsequencethat
all the setsκτ,m in (3) containexactly onefrequency bin,
in which casethe non-linearmaximizationoperationvan-
ishesand ŝ(τ) becomesa linear functionof the magnitude
spectrum|Y (k)|, makingit analyticallymoretractable.

Theiterativeestimationandcancellationgoesasfollows:
1. A residualspectrumYR(k) is initializedtoequalY (k),

andaspectrumof detectedsoundsYD(k) to zero.
2. A fundamentalperiodτ̂ is estimatedusingYR(k) and

Algorithm 1. Themaximumof ŝ(τ) determineŝτ .
3. Harmonicpartialsof τ̂ are locatedin YR(k) at bin
〈mK/τ〉. The frequency andamplitudeof eachpar-
tial is estimatedandusedto calculateits magnitude

3 It is even more efficient to start with
p

(¿max − ¿min)=¿prec blocks.

spectrumat thefew surroundingfrequency bins. The
magnitudespectrumof the m:th partial is weighted
by g(τ̂ ,m) andaddedto the correspondingposition
of thespectrumof detectedsounds,YD(k).

4. Theresidualspectrumis recalculatedas
YR(k)← max(0, Y (k)− dYD(k)),
whered controlstheamountof thesubtraction.

5. If therearesoundsremainingin YR(k), returntoStep2.

Notethatthepurposeof thecancellationis to suppresshar-
monic and subharmonicpeaksof τ̂ in ŝ(τ). This should
be donein sucha way that the residualspectrumYR(k) is
not corruptedtoo much to detectremainingsoundsat the
comingiterations.Thesecon�icting requirementsareeffec-
tively metby weightingthepartialsof a detectedsoundby
g(τ,m) in Step3 beforeaddingthemto YD(k). In practice
this meansthatthehigherpartialsarenot entirelycancelled
from the mixture sinceg(τ,m) ≈ 1/m. Parameterd ≈ 1
togetherwith g(τ,m) de�nestheamountof subtraction.

The function g(τ,m) wasre-optimizedfor the iterative
methodusing a similar optimizationschemeas described
above. Despitethe doublerole of g(τ,m) here(affecting
both the salienceandthe cancellation),the obtainedfunc-
tionsg1(τ), g2(m), andg3(fτ,m) wereverysimilar to those
shown in Figs.2–3,andthemodel(7) is suitable.

Whenthenumberof soundsin themixtureis notgiven,it
hasto beestimated.This task,polyphony estimation, is ac-
complishedby stoppingtheiterationwhenanewly-detected
soundτ̂j at iterationj no longerincreasesthequantity

S(j) =

∑j
i=1 ŝ(τ̂i)

jγ
, (8)

whereγ = 0.70 wasfound empirically. 4 The valueof j
maximizing(8) is takenastheestimatedpolyphony P̂ .

2.5. Joint estimationof multiple F0s

Thedescribediterativemultiple-F0estimatoris ef�cient and
producesgoodresults,but it alsoleavesuswith a coupleof
openquestions.How muchdoesthe iterative searchalgo-
rithm affect theresult?Is it possibleto computesaliencesof
thefoundsoundssothat theorderof detectingthemwould
not affect? This sectiondescribesa joint estimatorwhich
cananswerthesequestions.

First, the saliencefunction ŝ(τ) is calculatedaccording
to (3). Then,I highestlocal maximaof ŝ(τ) arechosenas
candidatefundamentalperiodvaluesτi, i = 1, . . . , I. For
eachcandidatei, thefollowing quantitiesarecomputed:

• Frequency binsof harmonicpartialski,m, wherem is
theharmonicindex andki,m correspondsto themax-
imumof |Y (k)| in therangeκm,τi

(see(4)).
4 Note that S(j ) would be monotonically decreasing for ° = 1 (average

of ŝ(¿̂i):s) and monotonically increasing for ° = 0 (sum).



• CandidatespectrumZi(k) is anestimateof thespec-
trum of candidatei, and is calculatedby translating
thespectrumof thewindow function(Hanning)to the
positionski,m andaddingthemto Zi(k) afterscaling
by (d/2)g(τi,m), whered is thecancellationparam-
eterfrom Step4 of theiterativemethod.

Let us denoteby P the numberof simultaneousF0sto
estimateandby I a setof P differentcandidateindicesi
(thereare

(

I
P

)

differentpossibilities).Thenthejoint estima-
tion consistsof �nding suchanindex setI thatmaximizes

G(I) =
∑

i∈I

∑

m

g(τi,m)|Y (ki,m)|
∏

j∈I\i

(1− Zj(ki,m)),

(9)
whereZj(k) ≤ 1 because(d/2)g(τ,m) ≤ 1. By compari-
sonwith (1), it canbeseenthattheabovegoodnessmeasure
implementsasimilarharmonicsummingmodelbut with the
differencethat the saliencecontribution of soundi is re-
ducedby “inhibition” (cancellation)from othersoundsj in
I, asdeterminedby theirestimatedspectrumZj(k). In fact,
the above model is a very closeequivalent to the iterative
methodpresentedabove, the differencebeingthat herethe
estimationis performedjointly insteadof iteratively. The
reasonwhy theparameterd ishalvedwhencalculatingZj(k)
is thathereall soundsinhibit all others,whereasin theitera-
tivemethodonly soundsdetectedatearlieriterationsinhibit
(throughcancellation)thosedetectedlater.

A problemwith (9) is thatthecomputationalcomplexity
of evaluatingG(I) for all

(

I
P

)

differentindex combinations
I is computationallyimpractical.A reasonablyef�cient im-
plementationis possibleby makinguseof the lower bound
G̃(I) of G(I). By writing out theproductin (9), it is easy
to seethatG(I) ≥ G̃(I) where

G̃(I) =
∑

i∈I

∑

m

g(τi,m)|Y (ki,m)|[1−
∑

j∈I\i

Zj(ki,m)]

=
∑

i∈I

ŝ(τi)−
∑

i∈I

∑

j∈I\i

Inh(i, j) (10)

wherethe“inhibition” Inh(i, j) is anon-symmetricfunction

Inh(i, j) =
∑

m

g(τi,m)|Y (ki,m)|Zj(ki,m). (11)

Fromthecomputationalviewpoint,theadvantageof (10)
is that the valuesŝ(τi) and Inh(i, j) canbe precomputed,
makingtheevaluationof (10)aneasyoperationfor different
index combinationsI. Anothercrucialfactoris that,dueto
thesparsenessof Zj(k), the lower boundG̃(Ic) is actually
anaccurateestimateof G(Ic) sothatG(Ic) ≈ G̃(Ic). The
algorithmfor �nding asetI whichmaximizes(9) is:

1. Initialize I differentsetsI with theindividual candi-
datesτi, i = 1, . . . , I, so thatsetnumberc is initial-
izedwith Ic ← {c} andG̃(Ic)← ŝ(τc).

2. GenerateI × I new combinationsby extendingall
theexisting combinationswith all theindividual can-
didatesτi. Thegoodnessmeasuresof theseextended
combinationscanbecomputedrecursively as

G̃(Ic∪i) = G̃(Ic)+ŝ(τi)−
∑

j∈Ic

(Inh(i, j)+Inh(j, i)).

3. Sort theI × I extendedsetsin descendinggoodness
order and retain only I bestcombinationswith dif-
ferentgoodnessmeasures.The latter preventsfrom
choosingdifferentpermutationsof asameset.

4. If polyphony P wasnot reached,returnto Step2.
5. Evaluatethe exact goodnessmeasure(9) for the I

bestcombinationsandchoosethe combinationwith
thehighestvalueto output.

If thepolyphony P is notgiven,it canbeestimatedby eval-
uatingthe exact goodnessmeasure(9) for the I bestcom-
binationalwaysbetweenthe Steps3 and4, andby storing
the bestj-sizecombinationIbest(j). Extendingthe setsis
continuedaslongasthefollowing measureincreases:

S(j) = G(Ibest(j))/j
γ , (12)

wheretheparameterγ = 0.73 wasfoundempirically.
An advantageof thejoint estimationmethodis that,con-

trary to the iterative system,heretheorderof detectingthe
soundsdoesnot affect the result. A drawback is that the
joint estimatoris computationallylessef�cient asit requires
evaluatingthe function ŝ(τ) for all τ and thereforeAlgo-
rithm 1 cannotbeused.FindingtheoptimalcombinationI
in the above algorithmis still quite ef�cient when50–100
candidatesτi areselectedfrom ŝ(τ), which is roughly the
amountneededto retain the true periodsamongthem. In
thesimulations,weusedI = 100.

3. Evaluation
Simulationexperimentswerecarriedoutto evaluatethepro-
posedestimators.Thesewerecomparedwith thereference
methods[3] and[5] basedon auditorymodels,andtheref-
erencemethod[4] basedon spectraltechniques.Testdata
consistedof randommixturesof musicalinstrumentsam-
ples with F0s between40 and 2100 Hz, generatedin the
samewayasin Sect.2.3but of courserandomizingnew test
caseshere.5 Theacousticdatabase,however, wasthesame,
andconsistedof samplesfrom theMcGill UniversityMaster
Samplescollection,theUniversityof Iowawebsite,IRCAM
StudioOnline,andof recordingsfor theacousticguitar. In
total,therewere2842samplesfrom 32musicalinstruments.

As estimationof thenumberof concurrentsoundsis very
dif�cult in itself, we evaluateF0 estimationandpolyphony
estimationseparately. Theparametervaluesα, β,andd were
thesamefor all thethreeproposedmethodsandwere27Hz,

5 For the reference method [3], F0s were restricted between 40 Hz and
530 Hz, since the method is not very robust for F0s higher than this.
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Figure 4. Multiple-F0 estimation and predominant-F0estima-
tion resultsin 46msand 93msanalysisframes. Readingleft to
right, eachstackof six thin bars correspondsto the error rates
of the dir ect (d), iterati ve (i), joint (j), and referencemethods
[3], [4], and [5] in a certain polyphony.
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Figure 5. Histograms of polyphony estimatesfor the iterati ve
method and a 93 ms analysisframe. The asterisksindicate the
true polyphony (1, 2, 4, and 6, fr om left to right).

320Hz, and1.0,respectively, for 46msanalysisframe,and
52Hz, 320Hz, and0.89,respectively, for 93msframe.

Figure4 shows theF0 estimationresultsof theproposed
and the referencemethods. Here the numberof concur-
rent sounds(polyphony) was given as a side-information
to the estimators.The error ratesarepractically the same
for the proposediterative andjoint methodsandthe refer-
encemethod[5], and thesethreeoutperformthe methods
[3] and[4]. This is a very nice result,sincethe bestrefer-
encemethod[5] involvescomputationof anauditorymodel,
includinge.g. Fourier transformsat 70 subbands.Thepro-
posedmethodsareconsiderablysimplerandcomputation-
ally moreef�cient. In monophoniccases(polyph.1), about
50% of theerrorsarecausedby F0sbetween40and65Hz.

The lower panelsof Figure4 show predominant-F0es-
timationaccuracies.Heretheerror ratesarepracticallythe
samefor the proposeddirect andthe iterative methodand
for thereferencemethod.Theaccuracy of thejoint method,
however, is clearlybetterin highpolyphonies.

Figure5 illustratesthe resultsof polyphony estimation
for theiterativemethodanda93msanalysisframe.Results
for the joint methodwerevery similar andarenot shown.
Theasteriskindicatestruepolyphony in eachpanel,andbars
show a histogramof theestimates.Theresultsarenot fully
satisfactory, andit seemsthatrobustestimationof thenum-
berof soundsrequiresmorethanoneanalysisframe.

4. Conclusions
Theprincipleof summingharmonicamplitudesasgivenby
(1) is verysimple,yet it suf�ces for predominant-F0estima-
tion in polyphonicsignalsprovidedthattheweightsg(τ,m)
of differentpartialsandperiodsareappropriate.In multiple-
F0estimation,boththeiterativeandthejoint estimatorwere
successful,but theiterativemethodadmitsa fastimplemen-
tationandis thereforemoreappealing.Thejoint estimator,
in turn, achieves betterpredominant-F0estimation. Both
methodscanbe seento implementthe modelembodiedin
thegoodnessmeasure(9),whichis verysimplisticconsider-
ing thewide rangeof instrumentsandF0valuesaddressed.
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